Abstract The investigated cantilever beam is characterized by a constant rectangular cross-section and is subjected to a concentrated constant vertical load, to a concentrated constant horizontal load and to a concentrated constant bending torque at the free end. The same beam is made by an elastic non-linear asymmetric Ludwick type material with different behavior in tension and compression. Namely the constitutive law of the proposed material is characterized by two different elastic moduli and two different strain exponential coefficients. The aim of this study is to describe the deformation of the beam neutral surface and particularly the horizontal and vertical displacements of the free end cross-section. The analysis of large deflection is based on the Euler-Bernoulli bending beam theory, for which cross-sections, after the deformation, remain plain and perpendicular to the neutral surface; furthermore their shape and area do not change. On the stress viewpoint, the shear stress effect and the axial force effect are considered negligible in comparison with the bending effect. The mechanical model deduced from the identified hypotheses includes two kind of non-linearity: the first due to the material and the latter due to large deformations. The mathematical problem associated with the mechanical model, i.e. to compute the bending deformations, consists in solving a non-linear algebraic system and a non-liner second order ordinary differential equation. Thus a numerical algorithm is developed and some examples of specific results are shown in this paper.
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Introduction
The proposed work is connected with the fruitful scientific activity present in literature [1, 2] . Bisshopp and Drucker [3] derived the solution of large deflection for cantilever beams made of linear elastic material and subjected to a vertical concentrated load at the free end. Lo and Gupta [4] examined the bending problem of a nonlinear rectangular beam with large deflection; they considered linear elastic behavior for sections of the beam that deformed elastically, and a logarithmic function of strain is used for regions stressed beyond the elastic limit; the logarithmic function was approximated by a semi-logarithmic relation, which is only applicable for special cases. Lewis and Monasa [5] solved numerically the problem of large deflection of cantilever beams made of nonlinear elastic materials of the Ludwick type subjected to a vertical concentrated load at the free end. A closed-form solution of large deflection of cantilever beams made of Ludwick type material subjected to an end moment was obtained again by Lewis and Monasa [6] . Lee [7] computed a numerical solution of large deflection of cantilever beams made of Ludwick type material subjected to a combined loading consisting of a uniformly distributed load and a vertical concentrated load at the free end. Bayakara et al. [8] investigated the effect of bimodulus Ludwick type material behavior on the horizontal and vertical deflections at the free end of a thin cantilever beam under an end moment. A semi-exact solution was obtained by Solano-Carrillo [9] for large deflection of cantilever beams made of Ludwick type material subjected to a combined action of a uniformly distributed load and to a vertical concentrated force at the free end. Brojan et al. [10] studied the large deflections of nonlinearly elastic non-prismatic cantilever beams made of materials obeying the generalized Ludwick constitutive law. Holden [11] obtained the numerical solution to the problem of finite deflection of linear elastic cantilever beam with uniformly distributed load using a fourth order Runge-Kutta method. Byoung et al. [12] investigated large deflection of linear elastic cantilever beam of variable cross-section under combined loading by using Runge-Kutta method. Baker [13] The proposed work continues these researches paying attention to large deflection of a cantilever beam made of a non-linear elastic Ludwick material with different behavior in tension and compression. Different implementation of these results can be performed for applicative purposes, i.e. in the design of compliant mechanisms or microactuators with large deflections [20] [21] [22] .
Problem statement
The investigated cantilever beam of length L has a rectangular constant cross-section with base b and height h and is subjected to a concentrated constant vertical force F V , to a concentrated constant horizontal load F H and to a concentrated constant bending torque T at the free end. F H must be always combined with F V or T, in order to avoid buckling phenomena. In Fig. 1 the transition in large deflection is shown from the initial configuration to the deformed configuration subjected to the F V , F H and T loads. The former is the reference configuration and is placed in the Oxyz system of reference. The latter is the final configuration and is referred to Oxyz; in this configuration an O 0 x 0 y 0 z 0 coordinate system is defined for each crosssection with x 0 axis orthogonal to the cross-section and y 0 and z 0 axes belonging to the cross-section. Particularly the z 0 axis coincides with the neutral axis of the cross-section, it is defined by the intersection between the neutral surface of the beam and the cross-section and it is located by h 1 and h 2 . Both dimensions h 1 and h 2 are a priori unknown, they depend on the x coordinate according to the relation (1).
The beam is made by an elastic non-linear asymmetric Ludwick type material with different behavior in tension and compression, as proposed in [8] . Namely the constitutive law of the proposed material is characterized by two different elastic moduli and two different strain exponential coefficients as indicated in the constitutive law (2) , where E t and E c are respectively the tensile Young modulus and the compressive Young modulus and where n and m are respectively the tensile non-linearity coefficient and the compressive non-linearity coefficients. E t , E c , n and m are strictly positive. The considered constitutive law does not provide contractions and expansions along all directions perpendicular to the stress direction. Conventionally tensile stresses r t are positive, 
Problem formulation
Only thin cantilever beams in large deflection are considered, and hypothesis of Euler-Bernoulli bending beam theory are used. Thus cross-sections, after the deformation, remain plain and perpendicular to the neutral surface and their shape and area do not change. For these reasons the beam is modelled by its neutral curve, that is defined by the intersection between beam neural surface and the x-y plane, as shown in Fig. 2 , where d h and d v are respectively the horizontal displacement and the vertical displacement of the free end. On the internal stress viewpoint, the shear stress effect and the axial force effect are considered negligible in comparison with the bending effect. Thus, as shown in Fig. 3 , in the deformed configuration each cross-section is considered to be subjected only to a bending moment M(x), that depends on the x coordinate and is given by the relation (3).
In order to find the expression of strains, an infinitesimal portion of the deformed beam is considered. As shown in Fig. 4 , this element of length ds is contained between the S 0 and S 1 cross-sections.
The transition of the infinitesimal element is shown in Fig. 4 from the initial configuration to the deformed configuration.
The horizontal fibre, shown in Fig. 4 , in the reference configuration is ds long and it is far t from the neutral curve. After the deformation, its length, indicated with L 1 , is given by the relation (4), where q is the radius of curvature of the neutral curve and is defined in the expression (5). After combining the Eqs. (4) and (5), the relation (6) is obtained and it expresses L 1 depending on the initial length ds of the fibre. 
The general definition of strain is enunciated in (7) and, with the relation (6), it takes the form of the relation (8) .
According to hypotheses on internal actions, for which every cross-section is considered to be subjected only to a bending moment M, relations (9) and (10) can be written for each cross-section in the deformed configuration.
After distinguishing the compressed area from the tensile area of a generic cross-section, relations (9) and (10) can be expressed respectively as in (11) and (12) .
Equations (13) and (14) are obtained substituting relations (2), (3) and (8) in expressions (11) and (12) .
Equations (1), (13) and (14) represent a non-linear algebraic system with three unknown functions h 1 (x), h 2 (x) and q(x). The search of the system solution is made difficult because d h , d v and y are a priori unknown.
Thus a numerical algorithm is developed in two stages, as shown in the flowchart in Fig. 5 . The first stage considers only the F V and T loads and assigns a tentative value to d h and a mesh on the x axis, then it solves the non-linear system with the Newton-Raphson method for every point of the mesh and obtains three vectors, contained respectively values of h 1 (x), h 2 (x) and q(x). Successively, it solves, with the Euler method, the non-liner second order ordinary differential Eq. (15), which correlates q(x) and the analytic Once the value of d h is known, d v is given by the relation (17).
In the case E t and E c have the same value and nonlinearity coefficients n and m are both equal to one, the algorithm gives d h and d v values for a classic cantilever beam in large deflections.
Comparison with less reach models
In order to test the algorithm, d h and d v are calculated for a cantilever beam made of symmetric Ludwick type material with same behavior in tension and compression like annealed copper subjected to a vertical force at the free end. Tables 1 and 2 [8] are very close.
FEM validation
In order to validate the numerical algorithm given in this paper, the horizontal displacement d h and the vertical displacement d v are calculated using the FEM software ABACUS/CAE Ò for a beam made of annealed copper subjected to a vertical force F V at the free end. In ABACUS/CAE Ò the investigated cantilever beam is discretized using the Hex method, i.e. the beam is subdivided in parallelepipeds. The constrain section is realized by blocking all nodes of that section. The vertical constant load is realized by four equal forces applied on the nodes of the four corners of the free section. Each of the four forces is equal to a quarter of F V . In order to characterize annealed copper material, Marlow form of the potential energy is used in ABACUS/CAE Ò , as shown in Fig. 6 .
Values obtained by the proposed algorithm, indicated with d h1 and d v1 , and values calculated by ABACUS/CAE Ò , indicated with d h4 and d v4 , are very close, as shown in Figs. 7, 8 . Some slight differences are due to the Marlow form of the potential used to characterize the proposed materials.
Numerical results and discussion
Some numerical results of d h and d v , for a cantilever beam made of an asymmetric Ludwick type material subjected to T, F V and F H at the free end, computed with the proposed algorithm and indicated with d h1 and d v1 , are presented in Tables 5, 6 , 7, 8, 9, 10, 11, 12, 13 and 14 to examine the role of the main geometrical and mechanical parameters that characterize the 
Conclusions
The finite horizontal and vertical displacement in large deflections are obtained in this work for the free end of a cantilever beam, made of asymmetric Ludwick type material and subjected to a vertical constant force, to a horizontal constant force and to a bending constant at the free end. The problem involves both material and geometrical non-linearity and solution to such problems can be found with numerical methods. The proposed algorithm proved to be a technique to solve the resulting the non-linear algebraic system and the non-liner second order ordinary differential equation governing the problem. After verifying a proper agreeing with the literature and obtaining a validation by FEM software ABACUS/CAE Ò , in order to investigate the effect of the different material behavior on the horizontal and vertical displacements of the free end cross-section, numerical results are computed for different values of the applied loads. 
